The exponential blueshift associated with the event horizon of a black hole makes conformal symmetry play a fundamental role in accounting for its thermal properties. Using a derivation based on two-point functions, we show that the full spectrum of thermal radiation of scalar particles by Kerr black holes can be explicitly derived on the basis of a conformal symmetry arising in the wave equation near the horizon. The simplicity of our approach emphasizes the depth of the connection between conformal symmetry and black hole radiance.
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The prediction of thermal radiation by event horizons can be considered as one of the most remarkable outcomes of quantum field theory in curved spacetimes. This result and its implications, in particular those concerning black holes, constitute one of the best insights that we have at present about the features that a quantum theory of gravity should possess. The thermal character of the radiation emitted by a black hole is linked to the presence of an event horizon. One characteristic of the event horizon is the existence of an unbounded (exponentially growing) gravitational blueshift that a particle with a given energy at infinity experiences as it approaches the horizon. This blueshift sweeps away any physical scale present in the field theory and makes conformal symmetry arise in a rather natural way. It has long been argued that the flux of the thermal radiation is deeply connected to anomalies related to the conformal symmetry arising near the horizon [1] [2] [3] (for an extensive account, see [4] ). Additionally, hints indicating that conformal symmetry suffices to yield the full spectrum (not only the flux) of thermal radiation emitted by Schwarzschild black holes in four dimensions were obtained in Refs. [5, 6] . Higherorder moments of the Planck distribution were obtained in Ref. [7] through an involved analysis of higher-spin currents.
Furthermore, it has been argued that the near-horizon conformal symmetry (which can emerge from different perspectives [8] [9] [10] ) is at the heart of the entropy of black holes. Recently, the approach based on near-horizon asymptotic symmetries [9] has been extended to rotating (Kerr) black holes, suggesting a holographic duality between extremal and near-extremal Kerr black holes and a 2-dimensional conformal field theory (CFT) [11] . Additionally, the finite-temperature correlators of the dual CFT provide the amplitudes for scattering of particles off near-extremal Kerr black holes and therefore account for the phenomenon of superradiance [12] . A further step has more recently appeared in [13] , where a (finitedimensional) conformal symmetry has been shown to exist for the wave equation of a massless scalar field (in the so-called near region) for a generic non-extremal Kerr black hole. This finite-dimensional SO(2, 2) symmetry accounts again for classical superradiance.
In view of the above results, it remains a challenge to show that the full thermal spectrum can be derived from conformal symmetry for a generic Kerr black hole. This is the main goal of our Letter. An essential point in our derivation is that, in the near-horizon region, the SO(2, 2) conformal symmetry of the classical matter wave equation is naturally enlarged to the conventional infinite-dimensional group of conformal transformations in two-dimensions. This enlargement of the symmetry produces, at the quantum level, anomalous transformations of the vacuum state that are responsible for the phenomenon of black hole thermal radiance. We show that the full spectrum of particles emitted by a rotating black hole can be obtained essentially as the Fourier transform of the two-point functions of primary fields of a 2-dimensional CFT. The simplicity of our derivation illuminates in a new way the essential role of conformal symmetry in black hole radiance. This result may suggest new insight on the conjectured relation between Kerr geometry and a 2-dimensional CFT.
Hawking's original derivation of black hole radiance [14] rests on the formalism of Bogolubov transformations in the context of gravitationally induced particle creation [15] . In short, the derivation considers two vacuum states: The first, the in vacuum, coincides with the natural vacuum at early times before the star has begun to collapse, and the second, the out vacuum, coincides with the natural vacuum at late times long after it has collapsed to form a black hole as seen by a distant observer. The number of particles measured in the ith mode by an out observer when the field is in the in vacuum state, is obtained by evaluating the expectation value of the out number operator. This quantity can be computed as in|N
2 , where β ik are the Bogolubov coefficients relating the in and out field modes (for details see, for instance, [16] ). As explained in Refs. [5, 6] , this expectation value can be conveniently rewritten in terms of the two-point functions of the field as
where f out i (x) represent the field modes defining the out vacuum state and Σ is an arbitrary Cauchy hypersurface. The use of two-point functions here is particularly convenient to determine and take advantage of the symmetries present in the problem. We will use the above expression to compute the spectrum of scalar particles emitted by a Kerr black hole. First, we want to summarize some important features of 2-dimensional CFT. 2-dimensional CFT and two-point functions-Let us consider a d-dimensional spacetime. A conformal transformation of coordinates (see [17] for details) is an invertible mapping x → x ′ which leaves the metric tensor invariant up to scale. The set of these transformation forms the conformal group SO(d, 2). The case d = 2 requires special attention. In addition to the global transformations SO(2, 2), in d = 2 the set of conformal transformations is enlarged to the infinite-dimensional group of local (not globally defined) transformations of the form
, where x ± = t ± x are null coordinates. Additionally, in a d = 2 conformal field theory there is a particular set of fields, called primary fields, that under all (global and local) conformal transformations behave asΦ(x
, where h ± are the socalled conformal weights. Typical examples of primary fields are the derivativesΦ ≡ ∂ ± Φ of a 2-dimensional massless scalar field Φ. For example, we have h + = 1 and h − = 0 for ∂ + Φ and the opposite weights for ∂ − Φ. Conformal invariance leads, in addition, to the following transformation law of the two-point function (for illustrative purposes, we will consider, for instance, ∂ + Φ)
where |0 is the vacuum state of the theory. This requirement fixes the form of the two-point function to be
The vacuum state |0 is invariant under the global conformal group SO(2, 2). However, it is not invariant under local conformal transformations. This can be explicitly seen by computing in|N out i |in , where here the in and out sets of modes defining the |in ≡ |0 and |out vacuum states are related by a conformal transformation. We can use expression (1) to evaluate this expectation value. Integrating by parts in (1) and taking into account that the field modes f out i vanish at spacelike infinity, one finds that the two-point functions of the primary field ∂ + Φ emerge as the relevant ones. Relation (2) can be then used to express the integral in (1), for instance, in coordinates x ′ . Then, the kernel of the integral, given by the difference of two-point functions, reads
(A similar analysis holds for the opposite chiral sector.) The important point here is that the elements of SO(2, 2) are the only transformations producing a vanishing result for this expression. This indicates the invariance of the vacuum state under global conformal transformations. However, the remaining (local) conformal transformations of the form x ± → x ′± (x ± ) produce a nonvanishing value for expression (4) . The expectation value in|N out i |in is then nonvanishing, showing the nonequivalence of the |in and |out vacua and the phenomena of particle production. This is indeed a manifestation of the so-called Virasoro anomaly, which is at the root of the radiation of particles by black holes [1] [2] [3] [4] . Scalar wave equation in Kerr geometry and 2-dimensional conformal symmetry-Let us consider the late time stages of the spacetime produced by the collapse of a rotating star, when the geometry is described by the stationary Kerr line element. In Boyer-Lindquist coordinates, it reads
where ∆ = (r − r + )(r − r − ),
The parameters M and a represent the mass and the angular momentum per unit mass of the black hole respectively. We will assume that a 2 < M 2 . The event horizon of the Kerr black hole is located at r = r + . The line element (5) , defines here the Killing vector field that generates the horizon. It is null at r = r + and timelike for r > r + in the nearhorizon region r − r + ≪ M . It is then convenient to define the coordinatest = t andφ = φ − Ω H t. We have then ∂ μ t = χ µ . It is also appropriate to define the radial coordinate r * such that dr * /dr = (r 2 + a 2 )/∆. Let us now consider a massive scalar field Φ(x) propagating in the Kerr geometry (5). The Klein-Gordon equation ( + µ 2 )Φ(x) = 0 admits a full separability of variables (see, for instance, [18] for details)
where Φ A,m (r, t) = dwΦ A,m (r, w)e , with k 2 = w 2 − µ 2 . In the region near the horizon (r * → −∞) it is more convenient to employ coordinates (t, r * , θ,φ). The potential takes the simple form V ∼w 2 as r * → −∞, wherẽ w = w − Ω H m. This is a consequence of the exponential blueshift intrinsic to the event horizon, which shifts away any physical scale (such as the mass of the field or the centrifugal potential barrier). The physics near the horizon then can be described by the infinite set of (1 + 1)-dimensional massless fields Φ A,m (t, r * ) propagating in the (t, r * ) plane. In (t, r * , θ,φ) coordinates, the (t, r * ) part of the solutions to the wave equation is a linear combination of ingoing and outgoing modes of the form (e −iw(t+r * ) , e −iw(t−r * ) ) = (e −iwv , e −iwu ), where v ≡t + r * and u ≡t − r * are null coordinates. These modes are positive frequency modes with respect to the Killing vector field χ µ = ∂ 
In the following, we will show how this conformal symmetry is at the heart of the phenomenon of thermal emission of particles by black holes.
Thermal radiation by Kerr black holes and 2-dimensional CFT-The phenomenon of thermal radiation by a rotating black hole was first derived by Hawking [14] . As mentioned above, in the original derivation Hawking considered the state of the field given by the vacuum defined at early times, before the star begins to collapse. However, as pointed out by Unruh [19] (see also [20] ), the result is equivalently obtained by substituting the state of the field by the vacuum defined by a freely falling observer crossing the horizon at the time when the surface of the collapsing star enters the horizon. In that way, the vacuum state can be defined by using appropriate boundary conditions for the field in the near-horizon region. We want to define two vacuum states by using the two natural notions of time translation of the Kerr geometry, namely, the Killing time and the proper time as measured by a congruence of freely falling observers. To define the out vacuum state, we consider a set of orthonormal (with respect to the standard Klein-Gordon product) modes that in the near-horizon region are outgoing modes of the form f , with integers j ≥ 0 and n ≫ 1. These packets are localized in the near-horizon region and are peaked around the late time u = 2πn/ǫ, with width 2π/ǫ. Taking ǫ small ensures that the frequency of the modes is narrowly centered aroundw ≈w j = jǫ. The previous modes have positive norm ifw > 0, and they are positive frequency modes with respect to the Killing vector χ µ , which is timelike in the near-horizon region. Because of the potential barrier V (r) of the wave equation, these modes will split up in two parts during their propagation. A fraction |r A,m | 2 of the wave packet will be reflected by the potential barrier and will fall down into the black hole, where r A,m is the reflection coefficient of the potential. On the other hand, a fraction Γ A,m = 1 − |r A,m | 2 of the wave packet will be transmitted, reaching the asymptotic region where the wave packet is of positive frequency with respect to the standard Killing time t. The modes f .., the out vacuum state |out is defined as the state annihilated by the operators a out w,A,m . Additionally, we specify that |out contains no ingoing radiation falling into the black hole. The particular form of the modes describing ingoing radiation will not affect the computations of particle production far from the black hole at late times.
In order to define the in vacuum state, let us write the Kerr line element in the near-horizon region in terms of Kruskal-like coordinates defined as U = −κ −1 e −κu ,
] is the surface gravity of the black hole horizon. By taking dθ = dφ = 0 (without restricting the physics, we take, for simplicity, coordinate V ∼ 0) the metric has the simple form ds 2 ≈ C(dT 2 − dR 2 ), where U = T − R, V = T + R and C is a finite constant that, without loss of generality, we take equal to 1. We can see that the (T, R) part of the metric near the horizon has the form of the Minkowski metric. The interval of time ∆T then corresponds to the interval of proper time of a radial (θandφ constant) freely falling observer crossing the horizon. Therefore, the modes f We can now use Eq. (1) to compute the expectation value of the out number operator in the in vacuum state. Let us consider a Cauchy hypersurface C, constructed such that it is a null hypersurface in the near region outside the horizon for U > U 0 , with U 0 a negative constant (we recall that U = 0 at the horizon and U → −∞ when r → ∞). Additionally, for U ≤ U 0 and for U > 0 (inside the horizon), C is a spatial hypersurface. Because we are dealing with sharply localized wave packets near the horizon, the particular value of U 0 is unimportant. The integrals in (1) are extended over the (null) region of C where the wave-packets f out j,n (u) have support. There we have dΣ µ ∂ µ = dud(cosθ)dφ(r 2 + a 2 ) ∂ u . We can take advantage of the orthogonality of the spheroidal harmonics to integrate the angular part in (1). An additional integration by parts gives
The relevant out two-point function in the near-horizon region can be easily computed as a sum in modes
The two-point function corresponding to the |in state can also be computed as a sum in modes, and, when evaluated at the null near-horizon portion of C, it takes the simple form
where we can explicitly see that, as a by-product of conformal invariance, the mass of the field has disappeared. Introducing these two-point functions in (7), we have
Some important comments are now in order. This expression makes it manifest that the particle number is obtained by comparing the local behavior of the two-point functions of the 2-dimensional primary fields ∂ u Φ A,m (u) and ∂ U Φ A,m (U ), together with the conformal transformation U (u) = −κ −1 e −κu . Here, local means the nearhorizon region where the wave packets f out j,n (u) have support. Additionally, the conformal transformation U (u) = −κ −1 e −κu is a local transformation that does not belong to the global group of conformal transformations in two dimensions: SO(2, 2). Hence, as explained above, the function between square brackets in (8) is nonvanishing [compare this expression with (4)], leading to a nonzero value for in|N out j,n |in . Additionally, its leading term in an expansion about the coincidence point u 1 → u 2 is −c/(24π){U, u}, where {U, u} is the Schwarzian derivative of U (u) and c = 1 is the central charge of the scalar field. This fact makes manifest the underlying connection between black hole particle production and the conformal anomaly. For wave-packets sharply peaked around w j , simple manipulations lead to , withw = w −Ω H m. The scattering coefficients Γ A,m can also be obtained by means of the d = 2 conformal symmetry appearing in the wave equation [13] .
Conclusions-Finite-dimensional [SO(2, 2)] conformal invariance of the matter wave equation is related to classical superradiance [13] . We have pointed out here that the full local conformal invariance of the wave equation emerging near the horizon accounts for the full quantum phenomena of black hole radiance. This result makes manifest the link between the full radiation spectrum of black holes and conformal symmetry.
